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We estimate the Cronin eet in pA ollisions at the CERN LHC and at RHIC, using a
Glauber-Eikonal model of initial state multiparton interations. For a orret determination
of the initial parton ux, we upgrade the model ross setion, taking arefully into aount
all kinematial onstraints of eah multi-parton interation proess. As ompared with pre-
vious results, derived with approximate kinematis, we obtain a softer spetrum of produed
partons, while improving the agreement of the model with the reent measurements of pi0
prodution in d+Au ollisions at
√
s = 200 AGeV.
PACS numbers: 24.85+p, 11.80.La, 25.75.-q
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1. INTRODUCTION
Hadron-nuleus interations represent an intermediate regime between hadron-hadron and
nuleus-nuleus ollisions, where dierent ideas on the role played by the omplexity of the
target on large pt dynamis may be tested [1℄. Of partiular interest is the study of the Cronin
eet [2, 3℄, namely the deformation of the transverse spetrum of partiles, or jets, produed
in hadron-nuleus ollisions in the projetile fragmentation region. Given the large sale of
momentum transfer in the proess, the problem is within reah of a perturbative approah, while
the eets of the omplex struture of the target may be ontrolled by hanging energy and
atomi mass number.
The eet is originated by the high density of the nulear target, whih indues the projetile's
partons interating simultaneously with several partons of the target. There is not however a
unique explanation of the underlying dynamial mehanism [48℄ and dierent approahes an
only be disriminated by measuring the large pt spetra in hadron nuleus ollisions at the
energies of the future olliders, where various models give dierent preditions. In our opinion,
the simplest approah is to adopt the Glauber presription of fatorization of the overall many-
parton S matrix, as a produt of elementary partoni S matries [9℄. Sine prodution at the
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2parton level represents a higher order orretion in the oupling onstant, the natural zeroth
order approximation is obtained when evaluating eah elementary parton interation at the
lowest order in αS , whih leads onsidering binary proesses only.
Enouragingly a reent alulation, based on this simplest sheme [10℄, ompares rather rea-
sonably with the latest experimental measurements of the Cronin eet in large pt pi
0
prodution
in d+Au ollisions, at a enter of mass energy of 200 AGeV [11℄, [12℄, [13℄, [14℄, whih represents
a onvenient hannel to study the eet (as, dierently from harged partile prodution, there
is no ontamination from protons, whose prodution mehanism poses additional problems).
It's remarkable that in suh an approah, when adopting the usual approximations of the
Glauber piture of high energy hadron-nuleus ollisions, the whole eet of the nulear target
medium may be taken into aount exatly, in the evaluation of the inlusive transverse spe-
trum [9℄. After summing all possible multi-parton interations of the projetile parton one in
fat obtains
dσ
d2bdxd2pt
=
1
(2pi)2
∫
d2reiptrG(x)SAhard(r¯, b¯, p0) (1)
where
SAhard(r¯, b¯, p0) =
[
eTA(b)[FA(x,r)−FA(x,0)] − e−TA(b)FA(x,0)
]
and TA(b) is the usual nulear thikness, as a funtion of the hadron-nuleus impat parameter
b, G(x) the parton number density of the projetile, as a funtion of the frational momentum
x, pt the transverse momentum of the nal observed parton and
FA(x, b) =
∫
d2pt
(2pi)2
dx′GA(x′)
dσˆ
d2pt
eiptb (2)
In Eq.(2) GA(x
′) is the parton number density of the target nuleus, divided by the atomi
mass number A, as a funtion of the frational momentum x′, and dσˆ/d2pt the elementary parton-
parton sattering ross setion, whih inludes also the kinematial limits onstraints. For sake
of simpliity avor dependene is not written expliitly. The quantity SAhard(r¯, b¯, p0) an be
interpreted in terms of dipole-nuleus hard ross setion. The dipole originates from the square
of the sattering amplitude, expressed as a funtion of the Fourier variable r¯ , orresponding to
the transverse size of the dipole [15℄.
By expanding Eq.(1) as a power series in σˆ, one obtains all dierent multiple satterings of the
projetile parton. As a onsequene of the Glauber presription of fatorization of the overall
many-parton S matrix, eah term in the expansion is represented by an inoherent onvolution
3of binary partoni ollisions [9, 16℄. Analogously to the ase of the Glauber approah to hadron-
nuleus proesses, the S-matrix fatorization presription does not however imply any spae-
time ordering between the dierent elementary ollisions. It only implies that a onneted
n-body interation proess is well approximated by a produt of two-body interations, whih
orresponds to the dominane of the pole ontribution, in a dispersive representation of the
projetile-exhanged gluon amplitude [17℄.
All expressions are divergent for small values of the lower uto in pt, whih sets the regime
of hard interations. Nevertheless, as unitarity is expliitly implemented, eah term in the series
expansion of Eq.(1) ontains subtrations, whih lower the degree of the infrared singularity, from
an inverse power to a power of a logarithm of the uto [16℄. It's also worth mentioning that,
in this model, the average energy, arried by the partons sattered to the nal state is bound to
be smaller than the overall initial state energy [18℄, whereas suh a quantity is divergent as an
inverse power of the uto, if evaluated in impulse approximation.
The approah to hard proesses in hadron-nuleus ollisions, based on the fatorization of the
multi-parton S matrix, is hene unitary and satises various non-trivial onsisteny requirements,
inluding the AGK utting rules [19℄. As pt → 0 the importane of unitarity orretions grows,
produing a suppression of the integrated parton yield and a random walk of partons to higher
pt , reovering in this way the loal isotropy in transverse spae of the blak disk limit, whih is,
on the ontrary, maximally broken by the lowest order impulse approximation term [18℄.
The model hene ontains geometrial shadowing at low pt and Cronin enhanement of the
transverse spetrum at moderate pt. Some non seondary features of the interation are not
aounted however, as one expets genuine dynamial shadowing at low x, due to non-linear
gluon interations [1℄. In spite of some interesting eorts in this diretion [20℄, inorporating
non-linear gluon evolution in the present formalism is however a non trivial problem, whih we
will not try to address in the present note.
In fat we aim to point out that also some of the simplifying assumptions, adopted in the
derivation of Eq.(1), require a loser inspetion. More speially, to obtain Eq.(1), one needs
to deouple longitudinal and transverse degrees of freedom, while onserving the longitudinal
momentum omponents in the interation. Kinematial onstraints are hene implemented only
approximately, in suh a way that nal state partons turn out to be more energeti than the
initial ones, the eet being emphasized when the number of re-satterings grows. The nal pt
spetrum gets hene shifted towards larger transverse momenta whih, given the steepness of
parton distributions at small x, might modify appreiably the evaluation of the Cronin eet.
The purpose of the present note is to investigate this spei aspet of the model more losely.
We hene ompare the spetrum, obtained by implementing exatly all kinematial onstraints,
with the summed expression in Eq.(1), both at the LHC regime and in the kinematial domain
of the reent measurements of the Cronin eet in d+Au→ pi0X at RHIC.
42. TRANSVERSE SPECTRUM
The expression in Eq.(1) represents the sum of all possible ollisions of the observed parton
with the dierent sattering enters of the target nuleus. When the kinematial onstraints
are implemented exatly, the multi-sattering series annot be re-summed any more in a losed
analyti expression and eah dierent term needs to be evaluated separately. Most of the spe-
trum is nevertheless well reprodued by the the rst three terms of the expansion [16℄. Hene
we approximate the ross setion by:
dσ
d2ptdy d2b
=
∑
i
dσi
d2ptdy d2b
(3)
where pt is the transverse momentum of the observed parton, y its rapidity, b the impat param-
eter of the ollision and the sum runs over the dierent speies of projetile partons, while
dσi
d2ptdy d2b
=
dσ
(1)
i
d2ptdy d2b
+
dσ
(2)
i
d2ptdy d2b
+
dσ
(3)
i
d2ptdy d2b
(4)
where
dσ
(1)
i
d2ptdy d2b
= TA(b)
∑
j
1
1 + δij
∫
d2q1 dx
′ δ(2)(q¯1 − p¯t) σˆij (1)(y, x′; q1)
× x
[
f i
p
(x, Qfct) f j
A
(x′, Qfct) + f i
p
(x′, Qfct) f j
A
(x, Qfct)
]
is the single sattering term (the projetile parton interats with a single parton of the target
and vie-versa),
dσ
(2)
i
d2ptdy d2b
=
1
2!
TA(b)
2
∑
j ,k
1
1 + δij
1
1 + δik
∫
d2q1 d
2q2 dx
′ dx′′
×
[
δ(2)(q¯1 + q¯2 − p¯t)− δ(2)(q¯1 − p¯t)− δ(2)(q¯2 − p¯t)
]
× x f i
p
(x, Qfct) f j
A
(x′, Qfct) f k
A
(x′′, Qfct) σˆ
(2)
ijk(y, x
′, x′′; q¯1, q¯2)
is the resattering term (the projetile parton interats with two dierent partons of the target),
and
5dσ
(3)
i
d2ptdy d2b
=
1
3!
TA(b)
3
∑
j ,k, l
1
1 + δij
1
1 + δik
1
1 + δil
∫
d2q1 d
2q2 d
2q3
× dx′ dx′′ dx′′′ σˆ(3)ijkl(y, x′, x′′, x′′′; q¯1, q¯2, q¯3)
×
[
δ(2)(q¯1 + q¯2 + q¯3 − p¯t)− δ(2)(q¯1 + q¯2 − p¯t)− δ(2)(q¯2 + q¯3 − p¯t)
−δ(2)(q¯3 + q¯1 − p¯t) + δ(2)(q¯1 − p¯t) + δ(2)(q¯2 − p¯t) + δ(2)(q¯3 − p¯t)
]
× x f i
p
(x, Qfct) f j
A
(x′, Qfct) f k
A
(x′′, Qfct) f l
A
(x′′′, Qfct).
is the double resattering term (the projetile parton interats with three dierent partons of
the target).
The subtration terms, in the resattering and in the double resattering terms, are a diret
onsequene of the implementation of unitarity in the proess. The sums run over the dierent
speies of target partons. The quantities f j
A
(x′, Qfct) represent the nulear parton distributions,
while the multiparton interation ross setions are given by:
σˆij
(1)(y, x′; q1) = kfactor
dσˆij(sˆ1, tˆ1, uˆ1)
dtˆ1
Θ(Φ(1))
σˆ
(2)
ijk(y, x
′, x′′; q¯1, q¯2) = (kfactor)2
dσˆik(sˆ2, tˆ2, uˆ2)
dtˆ2
dσˆij(sˆ1, tˆ1, uˆ1)
dtˆ1
Θ(Φ(2))Θ(Φ(1))
σˆ
(3)
ijkl(y, x
′, x′′, x′′′; q¯1, q¯2, q¯3) = (kfactor)3
dσˆil(sˆ3, tˆ3, uˆ3)
dtˆ3
dσˆik(sˆ2, tˆ2, uˆ2)
dtˆ2
× dσˆij(sˆ1, tˆ1, uˆ1)
dtˆ1
Θ(Φ(3))Θ(Φ(2))Θ(Φ(1)) ,
where the partoni-partonj dierential ross setions dσˆij/dtˆ are evaluated at the lowest order in
pQCD by making use of exat kinematis. The kinematial onstraints are implemented through
the quantities Φ(i) . The expressions of Φ(i) and of the invariants sˆi , tˆi, uˆi are derived in great
detail in the appendix.
The infrared singularity is regularized by introduing in the propagators the mass parameter
p0 , whih is a free parameter in the model. Higher order-eets in the elementary interation
are aounted by multiplying the lowest order expressions in αs by the fator kfact.
When evaluating the pi0 spetrum, we let partons fragment independently, negleting the
transverse momentum omponent generated by the fragmentation proess. The relations between
hadroni and partoni variables are hene the following [21℄:
6mh cosh yh = z pt cosh y mh sinh yh = qt sinh y
where z = Eh
E
, with E the energy of the parton, y its rapidity, Eh the energy of the hadron h, m
its mass, yh its rapidity, qt its transverse momentum and mh its transverse mass. The inlusive
pi0 spetrum is hene given by:
dσfrag
d2qtdyh d2b
=
∑
i
dσfragi
d2qtdyh d2b
with
dσfragi
d2qtdyh d2b
= J(mh, yh)
∫
dz
z2
Di→h(z,Q2F )
dσi
d2ptdy d2b
∣∣∣∣
pt, y
,
where
pt =
qt
z
J(mh, yh) y = arcsin
(
mh sinh y
qt
)
J(mh, yh) =
(
1− m2
m2
h
cosh2 yh
)− 1
2
and Di→h(z,Q2F ) the fragmentation funtions, depending on the fragmentation sale QF . The
integration region for the hadron energy fration z is set by the request pt ≥ p0, with p0 the
infrared regulator:
2mh cosh yh√
s
≤ z ≤ min
[
1,
qt
p0
J(mh, yh)
]
.
2.1. Numerial Results
In our alulations we use the isospin averaged nulear parton distributions, f i
A
= Z f i
p
+
(A−Z) f i
n
, where for the proton and the neutron distributions, f i
p
and f i
n
, we take the CTEQ5
parametrization at the leading order [22℄, while for the nulear thikness funtion TA(b), whih
is normalized to one, we use the Wood-Saxon parametrization.
To study the eet at the LHC we onsider the ase of prodution of minijets in a forward
alorimeter (η ∈ [2.4, 4]) at two dierent enter of mass energies in the hadron-nuleon .m.
system,
√
s = 5.5 ATeV and
√
s = 8.8 ATeV, whih might be ompatible with the aeptanes
of ATLAS and CMS [23℄. Given the small values of x in this kinematial range, we use eetive
parton distribution funtions, with the gluon-gluon ross-setion as a dynamial input. We set
the fatorization and renormalization sale Qfct, Qrn equal to the regularized transverse mass
7mt =
√
p20 + p
2
t and we evaluate the transverse spetrum of jets, in proton-lead ollisions, by the
expression:
dWpA
d2pt
=
1
ymax − ymin
∫
y∈[ymin, ymax]
dx d2b
dσ
d2ptdy d2b
; (5)
where the integrand is given by Eq.(3). As for the hoie of the infrared regulator we set
p0 = 2GeV and we use kfactor = 2. Our results are plotted in Fig.1, where we ompare
the spetrum (5) obtained by the exat implementation of energy onservation in the multiple
interations (solid line), with the approximate kinematis results given by the rst three terms
of the expansion of Eq.(1). As an eet of the exat implementation of kinematis the spetrum
of the outgoing partile is shifted towards lower transverse momenta, resulting in an appreiable
energy loss eet: at pt ∼ 15GeV the energy-loss orretion to the spetrum is of the order of 40-
50%, at higher transverse momenta, pt ∼ 30GeV , it's still about 30-38%. The triple sattering
approximation, used to evaluate the spetrum, breaks down at pt ≤ 9GeV at
√
s = 8.8TeV :
by inreasing the enter of mass energy the density of target partons grows rapidly and the
ontribution of higher order resatterings annot be negleted any more at pt ≤ 9GeV (right
panel of Fig.1). As the energy is lowered to
√
s = 5.5TeV , the region of numerial instability is
shifted to the region pt ≤ 3GeV (left panel of Fig.1).
The softening of the spetrum has important eets on the Cronin ratio, dened as:
R(pt) =
dWpA/d
2pt
dW
(1)
pA /d
2pt
.
where dW
(1)
pA /d
2pt is the ross setion in impulse approximation. The Cronin ratio, orresponding
to the spetra in g.1, is shown in g.2, where the dashed and ontinuous lines orrespond to
approximate and exat kinematis respetively. The two panels of g.2 refer to the two values
onsidered for the enter of mass energy; at higher energy multiple interations produe a larger
value of the Cronin ratio. The overall eet of the implementation of energy onservation on
R is to derease the size of the Cronin eet and to shift the urve towards smaller transverse
momenta.
At lower energy,
√
s = 200 AGeV, we follow [10℄ in the evaluation of the ross setion of
d+ Au→ pi0X, using Qfct = Qrn = mt2 , and the values p0 = 1.0 GeV and kfact = 1.04. These
hoies, besides minimizes the eets of higher order orretions in αS , allow one reproduing
the inlusive ross setion of pi0 prodution in pp ollisions at the same .m. energy, without any
need of smearing the ross setion with an intrinsi parton transverse momentum. At
√
s = 200
AGeV we take expliitly into aount the dierenes between partons, both in the distributions
and in the evaluation of the partoni ross setions. The resulting Cronin ratio in d + Au
ollisions is hene a parameter free predition of the our model. By using the leading order
8K-K-P fragmentation funtions [24℄ at the fragmentation sale QF =
mt
2 , we evaluate:
RdAu→pi0X =
dσfrag
dAu→pi0X
d2qt dy d2b
/
dσ
frag (1)
dAu→pi0X
d2qt dy d2b
at y = 0 and b = bdAu = 5.7 fm, whih is the estimated average impat parameter of the exper-
iment [25℄. In g.3 we ompare our result (ontinuous line) with the experimental data of the
PHENIX ollaboration [11℄ and with the result obtained by using the approximate kinematis of
Eq.(1), dashed line. Given the small rapidity values of the observed pi0, in this ase the orre-
tions indued by exat kinematis are partiularly important in the region of smaller transverse
momenta. The dependene of the eet on the impat parameter is shown in g.4, where our al-
ulation (ontinuous line) is ompared with preliminary data presented by PHENIX at the DNP
Fall Meeting, held in Tuson last Otober 2003 [26℄, and with the the standard Glauber-Eikonal
alulation (dashed line). The frations refer to the BBC entrality seletion. The orresponding
estimated impat parameter values are: 0-20% => b=3.5 fm 20-40% → b=4.5 fm 40-60% →
b=5.5 fm 60-88% → b=6.5 fm. As an eet of implementing exatly kinematial onstraints,
one obtains a redution of the Cronin urve in the region of smaller pt values, resulting with
an improved agreement of the model with the experimental indiation. Notie that besides the
deformation of the spetrum leading to geometrial shadowing, by implementing energy onserva-
tion one obtains also the quenhing the spetrum, as part of the projetile's energy is transferred
to the target.
The expetation for pi0 prodution in d+Au at η = 3.2 is shown in g.5, where we ompare
our result (ontinuous line) with the standard Glauber-Eikonal model alulation (dashed line).
Given the larger average number of resatterings at larger rapidity values, the quenhing of the
spetrum, due to the energy lost by the projetile in the multiple ollisions, is now sizably in-
reased (notie that the vertial sale is now dierent with respet to the previous gures 3 and
4). One in fat obtains values of RdAu→pi0X as small as .6 at pt = 1 GeV. The expetation is
nevertheless that the Cronin urve should exeed one for pt ≥ 2 GeV, whih is not the ase for
harged partile prodution. In the gure we plot preliminary results for harged partile pro-
dution at η = 3.2, presented by BRAHMS at the Quark Matter Conferene[27℄. In the forward
region the quenhing of the spetrum might hene be a sizably larger eet, not aountable by
multiple satterings.
2.2. Conlusions
In very high energy proton-nuleus ollisions the interation probability is very large, also
when onsidering proesses with momentum transfer well above the lower limit for a perturbative
approah. In this regime unitarity needs to be implemented already at the level of perturbative
interations and the Glauber-Eikonal model of multiple parton ollisions allows implementing
9unitarity in the simplest and most natural way. A standard approximation is to onserve the
longitudinal momentum omponent of the projetile in the proess. The approximation beomes
however questionable when dealing with parton interations, sine parton distributions are sin-
gular at small x and a small hange of the parton momentum leads to sizable modiations of
the initial parton ux.
In the present note we have studied this partiular aspet of the problem, working out the
leading terms in the expansion in multiple parton ollisions and taking into aount all kine-
matial onstraints exatly. Our result is that the spetrum of the produed large pt partons is
appreiably softened after implementing exat kinematis.
The Cronin eet has been reently measured in the large pt spetrum of pi
0
prodution in
proton-lead ollisions, at y = 0 and
√
s = 200 AGeV. We have worked out the pi0 spetrum in the
same kinematial onditions and found a rather good agreement of our model with experimental
data. In this ase the orretions to the Glauber Eikonal model, indued by implementing
kinematis exatly, are inreasingly important in the region of smaller pt, where, given the
rapidity value of the observed pi0, longitudinal and transverse momentum omponents are of
omparable magnitude. The quenhing of the spetrum, due to the energy lost by the projetile
through multiple ollisions, is a stronger eet at larger rapidity. We have estimated the eet
at η = 3.2, where the preliminary experimental indiations seem however to indiate a stronger
quenhing eet than expeted in the model, whih, at relatively large pt, still gives a value of
the Cronin ratio larger that one.
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4. APPENDIX
The four-body parton interation (one projetile parton against three target partons) is rep-
resented in the model by the onvolution of three on-shell elasti parton-parton satterings. We
all h the four-momentum of the initial state projetile parton, and p′, p′′,p′′′, the four-momenta
of the three nulear target partons. All partons are massless and on shell and have zero trans-
verse momentum omponents. By introduing the momentum frations x, x′, x′′, the light-one
omponents of the four momenta in the initial state are:
10
h =
(√
s x, 0; 0¯
)
p′ =
(
0,
√
s x′; 0¯
)
p′′ =
(
0,
√
s x′′; 0¯
)
p′′′ =
(
0,
√
s x′′′; 0¯
)
The transverse omponents of the exhanged four-momenta are q¯1, q¯2 and q¯3, while I, J , K
are the projetile's four-momenta after the rst, seond and third interation and P , Q and R
the four-momenta of the reoiling target partons. For the transverse omponents one has:
I⊥ = q¯1 J⊥ = q¯1 + q¯2 K⊥ = q¯1 + q¯2 + q¯3 P⊥ = −q¯1 Q⊥ = −q¯2 R⊥ = −q¯3
While the energy onservation and mass-shell onditions, for eah two-body sattering proess,
are expressed by the following equations:


I+I− = q¯21
P+P− = q¯21√
sx = I+ + P+
√
sx′ = I− + P−
(6)


J+J− = (q¯1 + q¯2)2
Q+Q− = q¯22
I+ = J+ +Q+
I− +
√
sx′′ = J− +Q−
(7)


K+K− = (q¯1 + q¯2 + q¯3)2
R+R− = q¯23
J+ = K+ +R+
J− +
√
sx′′′ = K− +R−
. (8)
The three systems of equations allow to determine
x , I+, I−, J+, J−,K−, P+, P−, Q+, Q−, R+, R−
as a funtion of q¯1, q¯2, q¯3, K
+
, x′, x′′ and x′′′.
From the system (8) and the mass shell ondition J+J− = (q¯1 + q¯2)2, one obtains:
(√
sx′′′ K+ − (q¯1 + q¯2 + q¯3)2
) (
J+
)2 − (q¯1 + q¯2)2 (K+)2
− (√sx′′′K+ − 2 (q¯1 + q¯2) · (q¯1 + q¯2 + q¯3)) J+K+ = 0
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whih has real solutions when Λ(3) ≥ 0, where
Λ(3) =
(√
sx′′′K+
)2 − 4 (q¯1 + q¯2) · q¯3√sx′′′K+
+4
(
((q¯1 + q¯2) · q¯3)2 − (q¯1 + q¯2)2 q¯23
)
The ondition Λ(3) ≥ 0 an be satised only if Φ(3) ≥ 0, where:
Φ(3) = 1− 2 ((q¯1 + q¯2) · q¯3+ | q¯1 + q¯2 | | q¯3 |)√
s x′′′K+
whih gives the kinematial limits for x′′′ and for K+
x′′′min ≡
2 ((q¯1 + q¯2) · q¯3+ | q¯1 + q¯2 | | q¯3 |)√
s x′′′K+
≡ K
+
min
K+
≤ 1
One hene obtains J and R:
J+ =
K+
2
·
√
sK+ x′′′ − 2 ((q¯1 + q¯2) · (q¯1 + q¯2 + q¯3)) +
√
Λ(3)√
sK+ x′′′ − (q¯1 + q¯2 + q¯3)2
J− =
√
Λ(3) + 2 ((q¯1 + q¯2) · (q¯1 + q¯2 + q¯3))−
√
sK+ x′′′
2K+
R+ =
K+
2
·
√
Λ(3) + 2 (q¯3 · (q¯1 + q¯2 + q¯3))−
√
sK+ x′′′√
sK+ x′′′ − (q¯1 + q¯2 + q¯3)2
R− =
√
Λ(3) +
√
sK+ x′′′ − 2 (q¯3 · (q¯1 + q¯2 + q¯3))
2K+
,
while the Mandelstam invariants sˆ3 = (J + p
′′′)2 , tˆ3 = (K − J)2 , uˆ3 = (R− J)2 are expressed
by:
sˆ3 =
√
s x′′′ J+
tˆ3 = − ((q¯1 + q¯2 + q¯3) J
+ −K+ (q¯1 + q¯2))2
K+ J+
uˆ3 = −(J
+q¯3 +R
+ (q¯1 + q¯2))
2
J+R+
After solving (7) with respet to I and Q as a funtion of q¯1, q¯2, q¯3, J
+
and x′′ and using the
mass shell ondition I+I− = q¯21 one obtains:
(√
sx′′ J+ − (q¯1 + q¯2)2
) (
I+
)2 − (q¯1)2 (J+)2
− (√sx′′ J+ − 2 q¯1 · (q¯1 + q¯2)) I+ J+ = 0
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whih has real solutions when Λ(2) ≥ 0, where
Λ(2) =
(√
sx′′ J+
)2 − 4 q¯1 · q¯2√sx′′ J+ + 4((q¯1 · q¯2)2 − q¯21 q¯22) .
The ondition Λ(2) ≥ 0 is satised only if Φ(2) ≥ 0, where
Φ(2) = 1− 2 (q¯1·q¯2+|q¯1| |q¯2|)√
s x′′ J+
whih gives the kinematial limits for x′′ and for K+
x′′min ≡
2 (q¯1 · q¯2+ | q¯1 | | q¯2 |)√
s x′′ J+
≡ J
+
min
J+
≤ 1
One hene obtains I and Q:
I+ =
J+
2
·
√
s J+ x′′ − 2 (q¯1 · (q¯1 + q¯2)) +
√
Λ(2)√
s J+ x′′ − (q¯1 + q¯2)2
I− =
√
Λ(2) + 2 (q¯1 · (q¯1 + q¯2))−
√
s J+ x′′
2J+
Q+ =
J+
2
·
√
Λ(2) + 2 (q¯2 · (q¯1 + q¯2))−
√
s J+ x′′√
s J+ x′′ − (q¯1 + q¯2)2
Q− =
√
Λ(2) +
√
s J+ x′′ − 2 (q¯2 · (q¯1 + q¯2))
2J+
,
while the Mandelstam invariants sˆ2 = (I
+ + p′′)2 , tˆ2 = (J − I)2 , uˆ2 = (I −Q)2are given by:
sˆ2 =
√
s x′′ I+
tˆ2 = −((q¯1 + q¯2) I
+ − J+q¯1)2
I+ J+
uˆ2 =
(I+q¯2 +Q
+q¯1)
2
I+Q+
By solving (6) with respet to x and P as a funtion of x′, I and q¯1one obtains:
x =
x′ I+√
s x′ − I−
P+ =
q¯21√
s x′ − I−
P− =
√
s x′ − I−
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The lower limit of x′ is derived when requiring x to be smaller than 1:
x′ ≥ x′min ≡
I−√
s− I+
so we introdue
Φ(1) = 1− I
−
x′ (
√
s− I+)
while the expression of the Mandelstam invariants sˆ1 = (h+ p)
2 , tˆ1 = (I − h)2 and uˆ1 =
(P − h)2is:
sˆ1 = s x x
′
tˆ1 = −
√
s x′ I+
uˆ1 = −
√
s xP−
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Figure 1: Transverse momentum spetrum of partons produed in p + Pb ollisions at
√
s =
5.5 , 8.8ATeV and η ∈ [2.4, 4], using p0 = 2GeV, and kfactor = 2 . The solid lines are the result of
implementing exat kinematis in the alulation, the dashed lines refer to the ase of approximate
kinematis.
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Figure 2: Cronin Ratio in the ase of exat kinematis (solid line) and in the ase of approximate
kinematis (dashed line) with the two dierent hoies of energy sale.
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Figure 3: Cronin ratio in d+Au → pi0X ollisions at √s = 200GeV . The solid line refers to the ase of
exat kinematis and the dashed line to the ase of approximate kinematis. Left and right panels refer
respetively to y = 0 and η = 3.2. The data are form ref. [11℄ and [27℄.
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Figure 4: Centrality dependene of Cronin ratio with and without energy loss implementation. Compar-
ison with experimental data presented by PHENIX.
